The structure space of a Choquet simplex  by Taylor, Peter D
JOURNAL OF FCNCTIONAL ANALYSIS 6, 208-217 (1970) 
The Structure Space of a Choquet Simplex 
PETER D. TAYLOR* 
Department of Mathematics, Queen’s University, Kingston, Ontario 
Communicated by the Editors 
Received June 28, 1969 
Let K be a Choquet simplex, E(K) the set of extreme points of K, and 
A(K) the space of real-valued, affine, continuous functions on K. The structure 
space of K is the set E(K) together with the topology whose closed sets are 
precisely those sets of the form E(K) n Q for Q a closed face of K. The 
structure space is known to be compact and Z’r but not necessarily Hausdorff. 
We show that if K is metrizable, then the structure space is first countable 
if and only if second countable if and only if locally compact. 
A function a in A(K) when restricted to E(K) need not be continuous as a 
function on the structure space. We characterize those functions which are. 
a is continuous on the structure space if and only if for every real number oi 
a and aie have a greatest lower bound in the natural order of A(K), where e 
denotes the function of constant value I. 
1. INTRODUCTION 
A simplex K is a compact convex set in a locally convex Hausdorff 
topological vector space such that for each k E K there is a unique 
maximal probability measure with barycentre k[5, p. 661. If K is a 
simplex and k E K, we denote by 0, the maximal probability measure 
with barycentre k and by Q(k) the smallest closed face of K containing 
k. If Q is a closed face of K, we denote by E(Q) the set of extreme 
points of Q. 
Suppose K is a simplex. Effros [2] has defined a topology on E(K) 
called the structure topology whose closed sets are precisely the sets 
E(Q) for Q a closed face of K. E(K) endowed with this topology is 
called the structure space of K. The structure topology is compact 
and TI . It is Hausdorff if and only if E(K) is closed in K; in this case 
it coincides with the relative topology from K [2, Theorem 4.81. 
* This research was supported in part by the Imperial Oil Company of Canada Ltd. 
and represents part of the author’s Ph.D. thesis written at Harvard University under 
the guidance of Professor A. M. Gleason. 
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Effros has shown [3, Theorem 4.31 that the structure space need 
not be locally compact. He conjectures that if K is metrizable, then 
the properties of local compactness, first countability and second 
countability are equivalent for the structure space of K. We prove 
in Theorem 2.4 that this is indeed the case. In Proposition 2.9 we give 
a characterization of structure-convergence at points where the 
structure space is locally compact. 
If K is a simplex we denote by A(K) the space of affine continuous 
functions on K. If a E A(K), then the restriction of a to E(K) may or 
may not be continuous in the structure topology. In fact, it can be 
shown [2, Theorem 4.81 that E(K) is closed in K if and only if every 
a E A(K) is structure-continuous on E(K). In Theorem 3.2 we 
characterize those a E A(K) which restrict to structure-continuous 
functions on E(K): a has this property if and only if R V a exists in 
A(K) for every real a. 
Before proceeding, we state some basic results about simplexes 
that we shall need. K will always denote a simplex. 
LEMMA 1.1. If k E K, then supp(B,) C Q(k) [4, Lemma 2.41. 
DEFINITION. A subset D C K is called dilated if for all k E D we 
have supp(&) C D. 
LEMMA 1.2. If D C K is closed and dilated, then its closed convex 
hull CICo(D) is a face of K [3, Theorem 3.31. 
THEOREM 1.3 (Edward’s Separation Theorem [l]). Suppose K is 
a simplex, f and g are functions on K, f convex upper semicontinuous, g 
concave lower semicontinuous and f < g. Then there exists a E A(K) 
such that f < a <g. 
COROLLARY 1.4. Suppose Q is a closedface of K and x E E(K) - Q. 
Then there exists a E A(K), 0 < a ,< I such that a(Q) = 0, a(x) = 1. 
Proof. Define f on K f(x) = 1 
f(k) = 0 if k#x 
andgon K g(k) = 0 if kEQ 
g(k) = 1 if k$Q. 
Apply Theorem 1.3. 
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2. THE STRUCTURE SPACE 
The structure topology on E(K) is in general weaker than the 
relative topology of K. To distinguish between the two topologies, 
we will prefix with the letter s- all topological terms which refer to 
the structure topology. Thus “s-open” means “open in the structure 
topology”. 
PROPOSITION 2.1. [4, Lemma 2.31 Suppose y E K, 2 E E(Q( y)) 
and {xwj is a net in E(K) converging to y. Then {xa} s-converges to z. 
This Proposition almost has a converse: 
PROPOSITION 2.2. Suppose {x~} is a sequence in E(K) converging 
to y. Suppose {x0} is a subnet of {xn) s-converging to z E E(K). Then 
z E Q( Y>. 
Proof. Suppose z $Q( y). Th en for some positive integer N, 
n>N=- s,, # z. Let 
A = (x n:n>NuQ(y). 
Then R is closed in K. Since the x, are in E(K) it follows from Lemma 
1.1 that R is dilated. We deduce from Lemma 1.2 that the closed 
convex hull F of R is a closed face of K. 
By assumption x 4 R. It follows that z 4 F for otherwise z would 
be an extreme point of F, hence in R. So E(K) - F is an s-neighbour- 
hood of z. Since (xp} s-converges to x, eventually xg $ F. But (xg} is 
a subnet of (xJ and {x%} is eventually in R, so {x~} is eventually in R. 
Contradiction. 
PROPOSITION 2.3. Suppose K is metrizable. Suppose R is an 
s-compact set in E(K). Suppose a E A(K), a > 0 and a(r) > 0 for all 
r E R. Then 3~ > 0 such that a(r) > E for all r E R. 
Proof. If not then for each positive integer n choose r, E R such 
that a(r,) < l/n. Choose a subsequence {ml) which converges to y 
in K. Then a(y) = lim a(r,) = 0. Choose a subnet {rB} of {r,,} 
which s-converges to some x E R (by s-compactness of R). By 
Proposition 2.2, x E Q( y). Since a(y) = 0, we deduce a(Q( y)) = 0 
(since a 3 0), hence a(x) = 0. Contradiction. 
For the remainder of this section, we will assume K is metrizable. 
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THEOREM 2.4. Suppose K is a metrixable simplex. Then the following 
conditions on the structure topology are equivalent: 
(1) second countable 
(2) first countable 
(3) locally compact. 
Proof. (1) * (2) clear. 
(2) 3 (3) Th e 0 f 11 owing Lemma is in fact stronger. 
LEMMA 2.5. Suppose the structure topology has a countable basis 
at x E E(K). Then every s-neighbourhood of x contains an s-compact 
s-neighbourhood. 
Proof. Suppose Q is a closed face of K not containing x. We want 
to find an s-compact s-neighbourhood of x disjoint from Q. Choose 
a E A(K), a > 0 such that a(Q) = 0 but a(z) # 0 (Corollary 1.4). 
Let {Qn> be an increasing sequence of closed faces of K such that 
{E(K) - QJ is a basis of s-neighbourhoods at z (here we use first 
countability). We claim that for some N 
{xEE(K): a(x) < l/iV:CQN. 
Suppose otherwise. Then for each 71 we choose x, in E(K) such that 
a(x,) < l/n but x, $ Qn . Choose a subsequence {xJ converging to 
y in K. Clearly (x,,J - s converges to x so by Proposition 2.2, x E&(Y). 
Since a is continuous on K, a(y) = 0. Hence a(z) = 0, a contra- 
diction. 
So we have established (*). Then 
(x E E(K) : u(x) 3 l/N] 
is s-compact [2, Proposition 4.51 and is an s-neighbourhood of z 
(since it contains E(K) - QN). It is disjoint from Q since u(Q) = 0. 
(3) 5 (1) Since K is metrizable, R(K) is separable. Choose 
(ai : 1 < i < CO> dense in A(K)+ = {u E A(K): a > O}. Let 
U(i, n) = {x E E(K) : ai > l/n}. 
Then the following Lemma is enough. 
LEMMA 2.6. Suppose x E E(K) and every s-neighbourhood of x 
contains an s-compact s-neighbourhood. Suppose Q is a closed face of K 
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not containing x. Then there exists (i, n) such that U(i, n) is an s-neigh- 
bourhood of x and Q n U(i, n) = o . 
Proof. Choose a E A(K)+ such that a(Q) = 0 but a(x) f 0 
(Corollary 1.4). Then Q’ = (a = 0) is a closed face of K containing 
0 and x 6 Q’. Since E(K) - ,O’ is an s-neighbourhood of x, we can 
choose an s-compact s-neighbourhood R of x such that R f~ Q’ = g. 
Then a(R) > 0 so by Proposition 2.3, a(R) > 2/n for some n. Choose 
i so // ai - a 11 < l/n. Then ai > l/n so R C U(i, n). Since R is 
an s-neighbourhood of x so is LT(i, n). Also ai < 1,‘n so 
Q n U(i, n) = G . 
Actually Lemmas 2.5 and 2.6 allow us to deduce a local version 
of Theorem 2.4: 
PROPOSITION 2.7. Suppose K is metrizable and z E E(K). Then 
the following are equivalent: 
(1) The structure topology is jkt countable at x 
(2) The structure topology is locally compact at z. 
It turns out that when the conditions of Proposition 2.7 hold at a 
point x E E(K), we can give a good description of s-convergence at x. 
DEFINITIONS. If S C K, we denote by s the closure of S in K. 
If z E E(K), we define 
D(z) = n{u : U is an s-neighbourhood of z>. 
Finally, if {xJ is a net in E(K), then y in K is a cluster point of {xJ 
if some subnet of (xa} converges to y. 
Notice that D(x) is the set of all cluster points of nets in E(K) 
which s-converge to z. It follows from this that C(z) C D(z). Indeed if 
y E C(z), we can choose a sequence {xJ C E(K) converging to y. 
By Proposition 2.1 {xn> s-converges to z. 
LEMMA 2.8. Suppose (x3 is a net in E(K) all of whose cluster 
points lie in C(x). Then {x~) s-converges to z. 
Proof. Suppose otherwise. Then there is an s-neighbourhood 
U of z and a subnet (x0} which is never in U. Choose a subnet {xY) 
of {xg} converging toy in K. Theny is a cluster point of {xa} soy E C(z). 
By Proposition 2.1, {x,,} s-converges to z, so is eventually in U. 
Contradiction. 
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PROPOSITION 2.9. Suppose K is met&able and z E E(K). Then 
the following are equivalent: 
(1) The structure topology is first countable at z. 
(2) A net {xa} in E(K) is s-convergent to z zjc and only 27 all its cluster 
points are in C(z). 
(3) C(2) = D(x). 
Proof. (1) 3 (2). A ssume (1) holds and suppose {q} s-converges 
to z. Suppose that y is a cluster point of {x~}. We will show y E C(z). 
Choose a subnet {x~} converging to y. Let {WJ be a countable basis 
of open sets at y; let {UJ be a countable basis of s-open sets at z. 
For each i we can choose & so xsi E Wi n Ui . Clearly {xsi> converges 
to y and s-converges to x. By Proposition 2.2, z E Q( y) and soy E C(z). 
By Lemma 2.8 we are finished. 
(2) + (3). Assume (2) and suppose y E D(x). If W is any neigh- 
bourhood of y and U is any s-neighbourhood of x, then since y E 0, 
W n U f ia. Hence we can find a net in E(K) [indexed by all pairs 
(IV, U)] converging to y and s-converging to z. By (2) y E C(z). 
Since always C(x) C D(z) we have proved (3). 
(3) * (1). Let d b e a metric for the topology of K. Let 
V, = {k E K: d(h, D(x)) < l/a}. We show that V, n E(K) is a basis 
of s-neighbourhoods at z. 
First for each n, I?, n E(K) is an s-neighbourhood of z. Suppose 
otherwise for some N. Then for every s-neighbourhood U of zz, 
U- V, # 0. Thus 
{g - V, : U an s-neighbourhood of z} 
is a family of closed sets of K with the finite intersection property, so 
has nonempty intersection. But any y in the intersection is in D(z) 
but not in V, , a contradiction. 
Finally, let U be any s-open set containing z. We will show that for 
some n, V, n EC U. Let Q be the closed face of K such that 
U = E(K) - E(Q). Then since x $ Q 
and so C(x) n Q = 0. By (3) D(x) n Q = 0. Since D(z) is compact, 
V, n Q = ,@ for some n. Hence V, n E(K) C U. 
Proposition 2.9 describes the structure topology at any point where 
it is first countable. Notice that it also says that if the structure 
580/6/2-4 
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topology fails to be first countable at z, then there will exist a net 
(Xa] in E(K) s-converging to z and converging to a pointy which is not 
in C(z), i.e., such that Q(y) does not contain z. 
EXAMPLE 2.10 [3, p. 3881. Let A be the ordered Banach space 
of all continuous functions f on the interval [0, I] such that for every 
integer n 3 2 
fW) = +r (0) + ;f (1). 
Let K be the set of positive linear functionals in A * of norm 1. Then 
K is a compact convex set (weak* topology) and identifying [0, I] 
with its canonical image in K, we have 
E(K) = {x E [O, I] : Vn 3 2, x # l/?r>. 
The space of affine continuous functions on K is precisely A and so 
the easiest way to check that K is a simplex is to notice that different 
probability measures on E(K) give rise to different linear functionals 
on A. 
To investigate the structure topology, call for the moment a subset 
v of [O, 11 q- o P en if it is of the form V = [0, l] - Q where Q is a 
closed face of K. Then V is q-open if and only if V is open and 
contains all points l/n, n >, 2, whenever it contains either 0 or 1. 
Clearly a subset of E(K) is s-open if and only if it is the intersection 
of E(K) with a q-open set. 
We verify immediately that for z E E(K), u" f 0, 1, C(x) = D(z) = 
{z}. However C(0) = (0) u (l/n: n 3 2). Indeed if y E [0, 11, then 
0 E Q( y) if and only if y = 0 or l/n for some n > 2. Similarly 
C(1) = (l/n: n > 1). Finally, we verify using the above character- 
ization of s-open sets that D(0) = C(0) and D(1) = C( 1) u CO>. 
Thus by Proposition 2.9, the structure topology is first countable at 
all z E E(K) except z = 1. Condition (2) tells us that if z # 1, then 
a net in E(K) s-converges to z if and only if z E Q( y) for every 
cluster pointy. On the other hand, we can expect to find a net in E(K) 
s-converging to 1 but converging to 0. To actually construct such a 
net we choose, for each s-open set V containing 1, a number xy E V 
with the property that [l - xy , 1] C V. This is possible since V 
contains a neighbourhood of 1 and contains points arbitrarily close 
to 0. As V runs in the directed set of s-open sets containing 1, it is 
clear that xy converges to zero and s-converges to 1. 
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3. STRUCTURE CONTINUITY 
K, as always, denotes a simplex no longer necessarily metrizable. 
As we pointed out in 1, a function a E A(K), when restricted to E(K), 
need not be continuous in the structure topology. For example, it is 
easy to verify that for the simplex K of Example 2.10, a E A(K) is 
s-continuous on E(K) if and only if a(0) = a(1). However, Effros has 
shown [3, Corollary 2.31 that any s-continuous function on E(K) can 
be extended to a (necessarily unique) function in A(K). 
In Theorem 3.2, we give an abstract characterization of those 
functions in A(K) which restrict to s-continuous functions on E(K). 
Let e denote the constant function 1. We use the notation A and V to 
denote infimum and supremum in the ordered vector space A(K). 
A(K) is not, in general, a lattice; in fact this is the case if and only 
if E(K) is closed in K [2, Theorem 4.81. 
PROPOSITION 3.1. Supp ose a, b E A(K) and s 1 a V b exists in 
A(K). Then for each x E E(K) 
s(s) = max[a(X), b(x)]. 
Proof. Define f on K by 
f(k) = max[a(k), WI. 
Suppose x E E(K). Choose M sof(k) < M for all k E K. Define g on 
K as follows: 
g(k) = M if k#“r 
SW = f(x). 
Then g is concave lower semicontinuous, f is convex continuous and 
g 3 f. By Theorem 1.3, we can choose CE A(K) withg > c > f. Since 
c > a, b, we deduce c > s, hence s(x) < C(X) = f(x). Thus s(x) = f(x) 
and hence s = f on E(K). 
THEOREM 3.2. a E A(K) is structure continuous on E(K) if and 
only if for every real number (Y, a V ale exists in A(K). 
Proof. Suppose a is s-continuous on E(K) and 01 is a real number. 
Define f on E(K) by 
f(x) = m444,4. 
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Then f is s-continuous on E(K). By [3, Corollary 2.31, f extends to a 
unique function s in A(K). Clearly s = a V ae. 
Conversely suppose a V me exists for every 01. Fix cy and let 
s = a V ate. By Proposition 3.1, s(x) = max[a(x), a] for x E E(K). 
Hence 
{x E E(K) : a(x) < a> = {x E E(K) : s(x) = a} 
which is s-closed in E(K) since (s = a} is either a closed face of K 
or empty. 
Finally, notice that for any 01, (-a) V ae exists in A(K). Indeed 
(-u) V ale = ale - a + (a V (-ae)). Thus by the preceeding 
argument 
{x E E(K) : a(x) > a} = {x E E(K) : -a(x) < -a} 
is s-closed in E(K) for all 0~. This is enough to deduce that a is 
s-continuous on E(K). 
Notice that the condition of Theorem 3.2 is equivalent to the 
existence of a A ore for each 01. Indeed a A ale = a + ore - (u V cze). 
The following Proposition gives another characterization of 
structure continuity which is interesting and useful. 
PROPOSITION 3.3. Suppose f is a continuous function on E(K). 
Then f is s-continuous on E(K) if and only if for all x E E(K) 
f(x) = f(x) whenever z E E(Q(x)). 
Proof. Suppose f is s-continuous. If x E E(K), choose a net 
{x-} C E(K) converging to X. If x E E(Q(x)), then by Proposition 2.1, 
{xw} s-converges to z. Hence 
f(x) = limf(xJ =f(a). 
Conversely, suppose f(x) = f (x) whenever x E E(K) and 
z E E(Q(z)). Fix a real number 01. Let 
D = {x E E(K) :f(x) < CY}. 
Choose x E D. Then for x E E(Q(x)), f(z) = f (x) < 01 so 
E(Q(x) C D. Since D is closed E(Q(x)) C D. Since ~9~ is supported 
by Q(X) (Lemma 1.1) hence by E(Q(x)) [5 p. 301, hence by D, it 
follows that D is dilated. We deduce from Lemma 1.2 that its closed 
convex hull ClCo(D) is a closed face Q of K. Clearly 
{x E E(K) : f(x) < 4 = E(Q) 
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and is therefore s-closed. Applying the same argument to -f, we 
conclude 
is s-closed. So f is s-continuous. 
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